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Abstract 

We classify irreducible representations of the special linear groups in positive char- 
| acteristic with small weight multiplicities with respect to the group rank and give 

estimates for the maximal weight multiplicities. We also classify inductive systems of 
representations with totally bounded weight multiplicities for the natural embeddings 
^ * ■ of the classical groups. 

c-- 
o 

1 Introduction 

In what follows K is an algebraically closed field of characteristic p > 0; G n is a classical 
algebraic group of rank n over K; Irr G n is the set of all rational irreducible representations 
(or simple modules) of G n up to equivalence, Irr„ G n C Irr G n is the subset of p-restricted 
ones; M is the dual of a module M; IrrM C IrrG n is the set of composition factors 
of a module M (disregarding the multiplicities), uj{M) is the highest weight of a simple 
module M; L(u) is the simple G n -module with highest weight uj; w™, . . . , u;™ (or, simply, 
u±,... ,uj n ) are the fundamental weights of G n ; ujq = uj™ +1 = by convention; Fr is the 
Frobenius morphism of G n associated with raising the elements of K to the pth power; 

denotes a G-module M twisted by the £;th power of Fr. A weight Y^a=i a % l ^i is P~ 
restricted if all en < p. For any dominant weight u) of G n denote by S(lo) the value of 
u on the maximal root of the root system of G n . For a simple module M = L{oj) put 
5(M) = 5{lo). Note that Gk is a natural subgroup of G n for k < n. For a G n -module M 
we denote by M\.Gk the restriction of M to Gk and define Irr^ M = Irr (MIX?*,). By the 
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weight degree of a module M we mean the maximal dimension of the weight subspaces in 
M, i.e. 

wdegM = max dimM M 

AteA(M) 

where A(M) is the set of weights of M. In particular, we say that M has a small weight 
degree if wdegM is small with respect to n. Note that wdegM = wdegM*. 

For the classical algebraic groups modular representations of weight degree 1 were 
classified in [22, 28J. To state the result, first define the following sets of weights of the 
group G n . 



Qp[G r , 



{0, u%, (p - 1 - a)ujl + aw£ +1 | < k < n, < a < p - 1}, G n = A n (K), 

{0,^,<}, G n = B n (K), 

{0,^, ^l^ n _ x + 2^<}, G n = C n (K), 

{0,0;?, <_!,<}, G n = D n (K), 



i=o 

Theorem 1.1 ([22, 28J) Let G n 6e a classical algebraic group of rank n > 4 and /ei M 6e 

a rational simple G n -module. Assume p > 2 /or G = B n {K) or D n (K). Then wdeg M = 1 
if and only if ui(M) £ Q,(G n )- 

Note that M is p-restricted with wdegM = 1 if and only if uj{M) G f2 p (G n ) and the 
j4 n (.fr)-modules — 1 — a)wfc + aw^+i) are truncated symmetric powers of the natural 
module [29^ . Thus, the only p-restricted modules of weight degree 1 for type A are the 
fundamental modules and truncated symmetric powers of the natural module. 

In this paper we classify irreducible representations of the special linear groups of small 
weight degree. For other classical groups, the authors previously proved that no modules 
M exist with 1 < wdeg M < n — 7. 

Theorem 1.2 ([1, Theorem 1.1], [20l Theorem 1],[2H Theorem 1]) Letn>8 and 
let G n = B n (K), C n {K) or D n (K). Let M be a rational simple G n -module with u{M) ^ 
Q(G n ). Suppose that p > 2 for G n = B n (K) or C n {K). Then wdegM > n — 4 — [n]4 
where {n]^ is the residue of n modulo 4. In particular, wdegM > n — 7. 

The main case (p > 2 for G n = B n (K), D n (K) and p > 7 for G n = C n (K)) was settled 
in [I]; [20] deals with type D for p = 2; and [21] gives a new proof for type C for all p, 
with new exceptional series of modules with wdeg = 2 s being added for p = 2, see [211 
Theorem 2] for details (note that B n (K) ^ C n (K) for p = 2). 

Now assume that G n = A n (K). Denote by V n the natural module for G n . Let 
M G IrrG„ and w(M) = a\uji + . . . + a n uj n . Recall that w(M*) = a n uji + a n -\u:2 + • • • + 
aiu n . Define the polynomial degree of M as the polynomial degree of the corresponding 
polynomial representation of GL n+ i(K), i.e. 



pdegM = ^fca fc . (1) 



fc=i 



Note that every simple module of polynomial degree d can be obtained as a composition 
factor of the dth tensor power V® d . More exactly, we have the following. Set 



^ = U,< d IrrV;^, ^ = U,< d Irr(VC) 
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Then L d n = {M 6 IrrG n | pdegM < d} and ^ = {M € IrrG n | pdegM* < d} 
(Proposition 14, 2| ). For d < n, it is not difficult to see that wdegV^ = dl (Lemma I4.4p . 
This means that modules of small polynomial degree d (with, say, dl < n) have small 
weight degree (< n), which gives many more small weight degree modules for type A in 
addition to those described in Theorem 11.11 This makes situation more difficult than in 
the case of other classical groups, especially for non p-restricted modules. Our first main 
result describes p-restricted irreducible representations of the special linear groups of small 
weight degree. 

Theorem 1.3 Let M G lvv p A n (K) and d = min{pdegM, pdegM*}. Assume u>(M) 
£l p (A n (K)). Then the following holds. 

(i) If n > 16 and d> n, then 

wdegM > \/n/p — 1. 

(ii) If d < n, then 

d-2< wdegM < dl 

Moreover, M = L(a\uj\ + . . . + adUid) or L(adOJ n -d+\ + • • • + a-i^n) with a\ + 2a2 + 
• • • + dad = d, and wdeg M is determined by the sequence (a%, . . . , a^) only and does 
not depend on n. 

In particular, if n > 16 and wdegM < \fnjp — 1, then M is as in part (ii) with d < 
y/n/p+ 1. 

The \fnjp — 1 estimate in part {%) was obtained by applying Schur functor. It is a 
quick and rough estimate and can probably be improved if one uses a more thorough 
analysis, similar to that of pQ. One should expect something close to n, as in Theorem 
11.21 Unfortunately, this seems to be very difficult to obtain at the moment as too many 
modules of small weight degree exist for type A and the methods used in [l] fail to work. 
But our estimate is good enough to identify the modules with small weight degree and 
get a full classification of the inductive systems of representations for A^ with bounded 
weight multiplicities (see below). 

Let M 6 Irr G n . Assume that u>(M) = Y2k=oP k ^k with p-restricted weights of G n . 
Put Mfc = L(Afc). By the Steinberg tensor product theorem [25J, 

M-®! =0 Mf. (3) 

It is obvious that wdeg M > wdeg Mq ■ . . . -wdeg M s (Lemma l2.16p . Therefore, the question 
of describing non p-restricted G n -modules of small weight degree is essentially reduced 
to combining various Frobenius twists of p-restricted modules of small weight degree and 
making sure that the weight degree does not become too large (see Corollary 14. 81 Theorem 
14.101 and Proposition 14. lip . 

Note that the results above can be considered as a modular analogue of the following 
problem solved by Mathieu |18| : describe all infinite dimensional weight modules with 
bounded weight multiplicities for a finite dimensional simple Lie algebra over C. Some 
particular cases, including so-called completely pointed modules (i.e. with one dimensional 
weight spaces) were previously considered in [51 El [9]. It is interesting to note that by 
specializing p to in the weights in the set Q p (G n ) we get highest weights of completely 
pointed modules (e.g. (— 1 — 0)00^ + aoj^+i for type A n and oj n ~i — |w n and —\uj n for type 

C n )- 
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Estimates of weight multiplicities obtained above can be used for recognizing linear 
groups containing matrices with small eigenvalue multiplicities. Indeed, it occurs that only 
for some special classes of representations of simple classical algebraic groups, their images 
can contain matrices all whose eigenvalue multiplicities are small enough with respect to 
the group rank. 

In the final section of the paper we classify inductive systems of representations with 
bounded weight multiplicities for the naturally embedded classical groups. Let 

ri c r 2 c • • • c r n c . . . (4) 

be a chain of algebraic groups T n over K and let $ n , n G N, be a nonempty finite subset of 
IrrT n , for each n. Recall that the system <E> = {$ n | n G N} is called an inductive system 
of representations (or modules) for ([3]) if 

|J lrr(0|r n ) = $ n 

for all n G N, where 4>\T n is the restriction of (j) to T n . Inductive systems have been 
introduced by Zalesskii in |26j . They can be considered as an asymptotic version of the 
branching rules for the embeddings Moreover, inductive systems can be applied to 
the study of ideals in group algebras of locally finite groups. It is proved in [27] that 
there exists a bijective correspondence between the inductive systems for a locally finite 
group and the semiprimitive ideals of the corresponding group algebra. So far we know 
little about the structure of inductive systems. Minimal and minimal nontrivial inductive 
systems of modular representations for natural embeddings of algebraic and finite groups 
of type A n were classified in [3]. For other classical groups the question on the minimal 
inductive systems seems substantially more difficult. For natural embeddings of symplectic 
groups in positive characteristic examples of such systems that have no analogues in the 
characteristic case were constructed in |28j and [2]. In this paper we consider only 
inductive systems for the natural embeddings of groups G n introduced above. 

Definition 1.4 Let $ be an inductive system of representations. We say that <1> is a 
BWM-system (bounded weight multiplicities system) if there exists m £ N such that 
wdeg</> < m for all <j) G § n and all n. For a BWM-system $ we define wdeg<3? = 
max^ e $ wdeg 4>. 

In the final section we classify all BWM-systems for all four types of classical groups. 
To state the main results, we need to introduce some notation. Let T C N be infinite. 
Assume that Rt C Irr Gt is nonempty for each t G T and that there exists k G N such that 
5{M) < k for all M G Rt and for all t. Denote by II n the set of all G n -modules Q such 
that Q is a composition factor of the restriction Y\,G n for some t > n, t G T, and Y € Rt- 
Assume that Rt C lb for all t. Then it is easy to check that II = {n n , | n = 1, 2, . . .} is 
an inductive system for the groups G n (see [3]). We will write IT = (R t \ t G T) and call 
Id the inductive system generated by Rt- If every Rt consists of a single module Yt, we use 
a simplified notation II = (Yj | t G T). Let $ be an inductive system. We say that $ is a 
p-restrictedly generated system if $ = (At \ t G T) with At C Irr p Gt for all t G T. 

For arbitrary inductive systems $ and ^ define the collections Fr(<3?) and $ ^ in a 
natural way: 

Fr($) n = {<i>W | 4> G 
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($®tf) n = (J Irr(0®V)- 

n 

By Lemma 13.21 Fr(<£) and $ (g) \l/ are inductive systems. The union of inductive systems 
<]? and ^ and the inclusion relation for such systems are defined in a natural way. An 
inductive system T is called decomposable if T is the union of inductive systems $ and ^ 
that do not coincide with T, and indecomposable otherwise. For an inductive system 
put 

<$(*„) = max{5(0) | <j> G $„}. 

Then 5($> n ) does not depend on n (Lemma 13. ip . so we can define <5($) as 5{§ n ). 

In Section [3] we prove the following analogue of Steinberg product theorem for inductive 
systems. 

Theorem 1.5 Let <I> be an indecomposable inductive system. Then there exist p-restrictedly 
generated inductive systems <3? J ; < j < k, such that <3? = <S)j=o Fri(&). 

Now assume that G n = A n (K). Recall the sets £^ and 0?^ defined in ([2]). Lemma 13.61 
implies that L d = | n G N} and H d = {R^ \ n G N} are inductive systems. Note that 
£i ={0,V n }. Set 

J n = {Wl(wf) (5) 

T n = {L((p -a- + aw? +1 ) | < a < p, < i < n} (6) 

is treated as 0). By Lemma EH 7 = {3~n n £ N} and 7 = {7 n \ n G N} 
are inductive systems. Note that the representations of 7 are realized exactly in the 
truncated symmetric powers of the natural module. 

Let d G N. Fix any integers Oj > for < i < d. Let M n ^(ai, . . . , a d ) be a simple G n - 
module with highest weight a\0Ji + . . . + a d oo d and M n ^(a\, . . . , a d ) be a simple G n -module 
with highest weight a d uj n - d+ i + ■ ■ • + aico n . Set 

C L (ai, . . . ,a d ) = (M njL (ai, . . . ,a d ) \ n > d), (7) 
C R (ai, . . . , a d ) = (M nvR (ai, . . . ,a d ) \ n > d). (8) 

Theorem 1.6 Let G n = A n (K). Assume that & is a p-restrictedly generated indecom- 
posable BWM-system. Then $ = 7, 7, Cl{cl\, . . . , a d ) or Cr{o\, . . . , a d ) for some integers 
ax, . . . ,a d < p. 

Let <3? be an inductive system. Assume 

$ = ^ =0 Fr fc ($ fe ), (9) 

where 3> fc are p-restrictedly generated systems. We say that is special if each <3? fc is equal 
to one of the systems Cx(ai, . . . , a d ), Cr{cli, . . . , a d ), 7, or 7. 

Let $ be special. Then for every k, either $ fc = 7, 7 or there exists d such that $ fc C L d 
or IR '. Therefore, $ can be represented in the form 

$ = #° ® . . . ® (10) 

with 

*/ = ®j! ' +1 Fr k (^ k ), (11) 
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where the indices if,0<f<l, satisfy the following: i_\ = — 1 and for each /, either all 
$ fc C L d for if_i + 1 < k < if or all $ fc C r R d for if_ x + 1 < k < if, or if_i + 1 = k = if 
and 3> fc = 3" or T. Fix minimal / with this property. Then the systems ty* are uniquely 
determined. 

Theorem 1.7 Zei G = ^4 n (_ftT). Indecomposable BWM-systems are exhausted by special 
inductive systems with the following property 5{tyf) < p l s +1 for all VP* with f < I (if are 
such as in An arbitrary BWM-system is a finite union of indecomposable ones. 

Theorem 11.21 allows us to find the BWM-systems for the remaining series of classical 
groups. Put 

f {£«)} for G n = B n (K), 

i> n =\ for G n = D n (K), 

( {L{*£u,«),L{u,»_ x + 2=^} for G n = C n {K) 

and L n = {L(0), L(cj™)}. Lemma [3761 implies that S = {S n } and £ = are inductive 

systems. Obviously, the collection = {0 n } with n = {L(0)} is an inductive system for 
all types. 

Theorem 1.8 Let G n = B n {K),C n {K) or D n (K), and let p> 2. Set 9 = {0, £,, §}. An 

indecomposable inductive system & is a BWM-system if and only if = ® j =0 Fr J ) , 
where E CP. BWM-systems are finite unions of indecomposable ones and consist of 
modules with one dimensional weight spaces. 

2 Notation and preliminaries 

Let N and Z>o be the sets of positive and nonnegative integers, respectively. For a simple 
algebraic group G over K the symbol A(G) denotes the set of all weights of G, R(G) is 
the set of all roots of G, ii + (G) is the set of all positive roots of G (with respect to a 
fixed maximal torus and a fixed base of R(G)); we identify A(A\(K)) with Z; (A, a) is 
the value of a weight A G A(G) on a root a G R(G), and IrrG is defined as for groups 
G n . Throughout the text A(M) is the set of all weights of a G-module M, co(M) is the 
highest weight of a simple module M, L{oo) and V(uj) are the simple G-module with the 
highest weight u and the Weyl module for u, respectively. For a G-module M denote 
by v + a nonzero highest weight vector of M and by the weight space in M of a 
weight fj,. For a G R(G), t £ K, k £ Z>o the symbols X a , X a , and X a) fe denote the 
root elements of the Lie algebra of G, the root subgroup of G associated with a, and the 
element of the hyperalgebra associated with the pair (a, k), respectively. For k < p one 
has X a:k = {X a ) k /k\. The sub group of a group G generated by subgroups Y\, . . . , Tj and 
the subspace of a linear space L spanned by vectors vi,...,V{ are denoted by (Ti, . . . , Tj) 
and (vi, . . . ,Vi), respectively. For /3x, . . . , /3j G i? + (G) put 

G(/3i, ... = (3C/3i , • • • , X^. , X-^ , . . . , X-^.). 

In all cases where subgroups of this form are considered, the roots /3x,...,Pj are chosen 
such that they constitute a base of the root system of G(/?i, . . . , f3j). In this situation 
the fundamental weights of G(/?i, . . . , f3j) are determined with respect to this base. If 
H = G(/?i, . . . ,/3fc) C G and u G A(G), then oj^H is the restriction of u to ff. For a 
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G-module M and a weight vector v G M we denote the weight of t> with respect to a 
subgroup H C G by ujh(v). Set w(-u) = log(v). 

We fix a base ai, ... ,a n of R(G n ) (labeled as in [7j), the fundamental weights are 
considered with respect to this base. In what follows £j, 1 < i < n + 1 for G = j4 n (iT) 
and 1 < i < n otherwise, are weights of the natural realization of G n , their labeling is 
standard and corresponds to [7, Ch. VIII, §13]. Set X±i = X± a% and define X±i and X± ijk 
similarly. Put G(i%, . . . ,ij) = G(aj 1 , . . . , ) and &i(/u) = (fi, ai). 

Lemma 2.1 (Seitz [22, 1.5]) Let M be a G-module andv G M\{0} be a vector of weight 
A. Assume that (A, a) = m < p for a G R(G) and that X a fixes v. Then X^ a>k v ^ for 
< k < m. 

Lemma 2.2 Let G = A\(K), and let M be an indecomposable G-module of highest weight 
p + b with < b < p - 1. Assume that X b ^v + / for a G R + (G). Then M = V(p + b). 

Proof. Set b\ = p + b and 62 = p — b — 2. By the universal property of the Weyl module [T5| 
Part II, Lemma 2.13b)], M is a quotient of V(bi). It follows from [8] (and can be easily 
deduced from the weight structure of V{b\)) that V(bi) has two composition factors: L{b{) 
and Lfa). The Steinberg tensor product theorem [25] (see ([3])) forces that 62 A(L(&i)). 
However, 62 £ A(M) as X b ^v + 7^ 0. This implies that M ^ ^(&i) and completes the 
proof. □ 

Theorem 2.3 (Jantzen [14] . Smith [23]) Let H = G(h,. . . C G n . ThenKHv + C 
L(oj) is an irreducible H-module with highest weight ojh{v + ) and a direct summand of the 
H -module L(co). 

Call KHv + in the previous theorem the Smith factor of L(ui) (with respect to H). 
Let H = Gtfu . . . , Pj) C G and M be a G-module. Put U + {H) = (X a \ a G R + (H)). 

Definition 2.4 A vector v G M is called primitive with respect to -ff (or a primitive 
H -vector) if u is a nonzero weight vector and U + {H) fixes v. 

Definition 2.5 Let w = a±uJi + - ■ ■+a n u) n be a dominant weight for G n and let M = L(u). 
Put yk = — (afc_i,afc) and = — (afc + i, a^). Suppose that the roots at with t in the 
interval with the ends i and j (1 < i,j < n) form a chain on the Dynkin diagram of G n . 
Fix f + . For an integer d with < d < aj define the vector v(i,j, d) as follows. Put dj = d. 
If i > j, put d k = a k + dk-Wk for i > k > j. If i < j, set d k = a k + d k+1 z k for i < k < j. 
Now define 

v(i,j, d) = X^ i)d% . . . X_ k)dk . . . X_ jjd v + . 

Lemma 2.6 ([24, Lemma 2.9]) The vector v(i,j,d) 7^ and Xi^v^i, j,d) = for I ^ i 
and b > 0. Hence Xi fixes v(i,j,d). 

Recall the set of G n -modules 3~ n defined in ([5]). 

Lemma 2.7 Let G n = A n {K). 

(1) Irr n _iL( W ?) = {L{^ll)M^' X )} 

(ii) Let k < i <n - k + 1, M G Irr G n , and uj(M) = uf. Then lrr k M = J k . 
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Proof, (i) One has L(cof) = A l V n (TSJ Part II, 2.15]. Let Vi,... ,v n+ i G V n and uj{vi) = £j. 
One can assume that £ n+ i|G n _i = and G„_i fixes (v\, . . . ,v n ) and v n+ \. Then the 
G„_i-module (vx, ... ,v n ) is isomorphic to the natural G n _i-module. Set 

Ui = (v kl A . . . A v ki | 1 < ki < . . . < ki < n + 1) 

and 

U 2 = (v h A ... A vi^ A v n+ i | 1 < h < . . . < < n + 1). 

Then A t V n = U\@ Ui- One easily observes that G n _i fixes JJ\ and U2, the G n _i-module 
U x L^- 1 ) and L/ 2 L(w[ t T 1 1 ). 

(ii) Put fTj = G(i - j + 1, i - j + 2, . . . , i - j + k) for 1 < j < k and H = G(l, . . . , fc). 
The subgroups Hj are conjugate to G&. Restricting M to subgroups Hj and applying 
Theorem we get that L(wJ) G Irr(M|G fc ) for all < j < k. □ 



Lemma 2.8 ([29]) lei G n = A n {K) and H = G(l, . . . , m, m + 2, . . . , 71) C G n . Then 

LK + (p-i-cK +1 p = 
= e w(i>c) L( Cl < + ( P - 1 - Cl )< +1 ) ® l( C2 u£— 1 + (p - 1 - csXTr 1 ) 

withN(i,c) = {(h,c 1 ),(i 2 ,c 2 ) \ < cj < p, < (p-l)(*i+l)-ci < (p-l)(m+l), < 
(p— l)(i 2 + 1) — c 2 < (p— l)(n — m), (p — l)(«i +«2 + 2) — ci — c 2 = (p — l)i + p— 1 - c}. 

Recall the set of G n -modules T n defined in ©. 

Corollary 2.9 // G n = A n (if), k + \<i<n — k and u = cuf + (p — 1 — c)ujf +l , then 
Irr fc L(w) = T fc . 

Lemma 2.10 ((2H Theorem, part C]) Let p > 2, n > 1, and G n = C n (K). Set 
M[ l = L«_ x + G IrrG„ and M 2 ™ = L(2=! W £) G IrrG„, T/ien Irr(M"|G n _i) = 

{M'r\M^ l }forj = 1,2. 

Lemma 2.11 Lei G n oe a classical group. Then Irr n _i = {0, V n -i}- 

Proof. This is obvious and well known. □ 
The following lemma is also well known, but we fail to find an explicit reference. 

Lemma 2.12 If G n = B n (K) and n > 1, then Irr n _i(L(u;™)) = {L{u™z\)}- For G n = 
D n (K) with n > 2 one /ias Irr n _i(L«)) = Irr^L^™^)) = 

Proof. For both types identify G n _i with the subgroup G(2, ... ,n — 1) C G n . Let M 
be one of the modules in question. It is well known that lo{M) is a microweight and 
hence A(M) coincides with the orbit of lo{M) under the action of the Weyl group. Hence 
A(M) = {(±£1 + . . . + ±e n )/2} with all possible combinations of the "plus" and "minus" 
signs for G n = B n {K). If G n = D n (K), then A(M) consists of all such weights with 
an odd or even number of the "minus" signs for M = L(w"_ 1 ) or L(u™), respectively. 
Let M + C M (M_ C M) be the sum of all weight subspaces M x with A = E\/2 + u ( 
A = —£i/2 + p, respectively) where p is a linear combination of the weights £2, . . . ,£ 



n ■ 



Denote by £™ , 1 < j < n — 1, the weights of the natural G n _i module y n -i defined as 



8 



the weights Ej for G n . For 2 < i < n one can identify the restriction of the weight £j to 
G n -\ with the weight & A(G n -i). Taking into account that for 2 < i < n the roots 
«j are linear combinations of the weights £j with 2 < i < n, one can observe that G n _i 
fixes M + and M_. Analyzing the weight structure of these G n _i-modules, we conclude 
that they are irreducible and have desired highest weights. This proves the lemma. □ 

Recall that 5(u) is defined as the value of the weight oj on the maximal root of the 
root system of G n and 5{L{ui)) = 5(oj). 

Lemma 2.13 Let M G IrrG n; and let a be a long root ofG n . ThenS(M) = max AeA( - M )(A, a). 

Proof. Denote by a max the maximal root in R(G n ). As a max is a dominant weight, 
(aj,a max ) > 0. This implies 

5(M) = (uj(M),a max ) = max (A,a max ). 

AeA(M) 

Since the Weyl group acts transitively on the set of roots of the same length and a max is 
long, max AeA(M) (A, a) = max AeA(M) (A, a max ), as required. □ 

Corollary 2.14 Let k < n, M £ Irr G n and N G Irr fe M. Then 5(N) < 5{M). 

Proposition 2.15 Let k < n, M £ Irr G n , and N G Irr^ M. Then wdegN < wdegM. 

Proof. First assume that k = n — 1. Put u = u(M). For every A G A(M) one has 
A = u - Ya=i b i(^) a i with b iW e z >o- For j G Z> put 

A j = {AGA(M) |6i(A)=j}. 

It is obvious that Aj n A t = for j / t and 

A(M) = A U . . . U A; 

for some I. Set 

f7j = ©AeA J M A . 

We can assume that G n _i = G(2, . . . ,n). Then Uj are G n „i-modules and M = Uq © 

®Ui as Cr n _i-module. Hence is realized in a composition factor of some module 

U s . So wdeg N is not bigger then the maximal weight multiplicity of the G„_i-module U s . 
It remains to observe that the restrictions of distinct weights in A s to G n _i are distinct. 
Indeed, assume fj,, v G A s and v ^ fj,. Obviously = b±(u). Hence bi(jx) / h(u) for 

some i with 2 < i < n. This yields that fi\.G n -i ^ v\,G n ~\ and proves the lemma for 
k = n — 1. To complete the proof it remains to apply induction on n — k. □ 

The following lemma is obvious. 

Lemma 2.16 Let Mi and M 2 be G n -modules. Then wdegAff 1 ' © M^ 2 ' > wdegMi • 
wdeg M2 . 
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3 The Steinberg tensor product theorem for inductive sys- 
tems 

Let = {$ n | n G N} be an inductive system of representations for a classical series {G n }. 
Put 5(® n ) = {max5(w) | L(oj) G $ n } and define 5{<&) = 5(<& n ) for n > 2. The following 
lemma shows that is well defined. 

Lemma 3.1 Assume that n G N and n > 2 /or G n = B n (K). Then for an inductive 
system <J> one has 5(& n +i) = 5(<& n ). 

Proof. Fix any L(A) G <£ n and L(p) G <I>„ + i with 6(<f> n ) = 5(X) and <5(<I>„, + i) = 5(p). Put 
= G(n - 1) ^ for G n = B n (K) and H = G{n) ^ Ai(if) in the other cases. 

Recall that G n -\ is identified with the subgroup G(2, . . . , n). Observe that H C G\ for 
G / B n (K) and H C G 2 for G = B n (K). Set I; = Irr(<^4JT). It follows from the 

definition of an inductive system that I n = I n +i- Using Lemma 12.131 we get 

<J($ n +i) = S(n) = max-fj | L(i) G I n+1 } = max{i | L(i) G /„} = 5(X) = 6($ n ), 

as required. □ 

For the groups of type A the previous lemma was proven in [3J. Note that for any 
dominant weight oj = aiw™ + • ■ • + a n w™ of A n (K) one has S(uj) = a\ + a 2 + ■ ■ ■ + a n . 

Lemma 3.2 Lei $ and $ &e inductive systems of representations. Then Fr(<I>) and <I>£g> 1 F 
are inductive systems of representations. 

Proof. The claim on Fr(<i>) follows immediately from the definition of an inductive system 
since for M G IrrG„ +1 

Irr n (M [1] ) = {p [1] | fi G Irr n M}. 

Clearly the set ($ (8> *&) n is finite. It remains to note that the restriction of represen- 
tations commutes with taking tensor products. □ 



Definition 3.3 Let $ D \E' be inductive systems of representations and the embedding is 
proper. Put H n = $ n \ Denote by D($>,i$?) the inductive system of representations 
generated by H n and call it the difference of two inductive systems. 

It is shown in [5j that is well defined. Since the embedding is proper, for any 

re G N there exists reo > n such that the set S no / 0. Hence D($>, ^f) n / for all re. One 
obviously has $ = ^ U D(&, 

Lemma 3.4 Let <3? be an indecomposable inductive system. Then for each two represen- 
tations 4> and ip G & n there exist m > n and £ G § m such that (f), ip G Irr n £. 

Proof. For each I > n put P\ = {p G | (f) G Irr n p}. Is is clear that Pi ^ and for any 
there exists f G -P2+1 such that p G Irr/ Hence 7 = {Pi \ I > re) is an inductive 
system. We claim that 7 = Indeed, otherwise Z?(<I>,!P) = as $ is indecomposable. 
However, <ft ^ Irr n if) if ^ G \ Pi, by the construction of P;. This yields the contradiction 
as D(^,T) is generated by the collection &i \ Pi. Hence 7 = <£. So there exists m > n 
such that ip G Irr n p for p G -P m . □ 
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Corollary 3.5 Let $ be an indecomposable inductive system and let <f>i, . . . ,<j>i G 
Then there exist m > n and £ G <I> m such that (f>i, . . . , <j>i G Irr n £. 

Recall the collections L l , 3~, T, S, and L defined in Introduction. 

Lemma 3.6 The collections L l , 3l l (I G N), 3", and 7 are inductive systems of represen- 
tations for the groups A n (K). The collections S and £ are inductive systems for B n (K), 
C n (K), andD n (K). 

Proof. First suppose that G n = A n (K). By Lemma l2"7?T i) . Irr n „i V n = {0,y n _i}. Hence 
lnV® 1 C hr n V% v Irr n _ x 1 C Uj<i Irr V®1 % and Irr n _! G £^ for any G 
Consequently, L l is an inductive system. The proof for Jl l is similar. 

Lemma [2. 71 (i) implies that Irr n _i L(ujf) = {L(w™7 1 1 ), L(w™ -1 )}. Hence 3" is a inductive 
system. For truncated symmetric powers of A n (K) the lemma follows from Lemma 12.81 

By Lemma I2.1H L is an inductive system for all types. 

For the collection S the result follows from Lemma 12.121 for G n = B n (K) or D n (K) 
and Lemma 12.101 for G n = C n {K). This completes the proof. □ 

Proof of Theorem \l.h\ Since 5((f>) < 5(&) for all n and all 4> G <3? n , by the Steinberg tensor 
product theorem (|3|) there exists an integer k = /c(<3?) such that <fi = <p ® 0p ® . . . ® 0^ 
with G Irr p G n , for all n and all <j) G Fix any such k. Then the representations 
<j>ji < j < fc, are uniquely determined (some of them can be trivial). We will use this 
notation until the end of the proof. 
Set 

Sn = {0 6 $ n | ^) = ($(*)}, 5 = U^ =1 5 n . 

Put 

5° = {(/> G 5 n | 5((/> ) = max^o)}, 5° = U~ X S° 

and 

= {</> G | tf(^) = max <5(^)}, S '^ = U~ ^ 

for 1 < j < k - 1. Set T n = SS 1 -*- 1 . 

Since (5(0) < 5($) for all G <3?; and all Z, it is clear that T n ^ for some n. 
Choose minimal n with this property and denote it by n m i n . We claim that for each 
n > n m ; n , m > n, and (p G T n there exists tp G T m with G lvT n tp. Moreover, if 
p G <F m and G Irr n p, then p G T m . Indeed, there exists ip G <3? m with G lvv n tp. 
Observe that Irr n ip = U ( - T o ) .„ )T *) Irr(®* =0 (r 3 ')^), where the union is taken over all tuples 
(t°, . . . ,r k ) with r J G Irr n Fix a tuple (r°, . . . , r fc ) that yields 0. Since the morphism 
Fr commutes with restrictions, one has 4>o = r o an d if T °; ■ ■ ■ j r fc_1 G Irr p G n , then r- 7 = 0j 
for < j < k — 1 and = Tq. This implies that 6(4>o) < '^(V'o) an d that 0/ G Irr n -0; for 
< I < k if 8(<j>j) = Sty) for < j < I. As 5(i>) > 6(4>) by Corollary EH and G T n , we 
have ij) G 5 m . Moreover, the construction of T n yields that <5(</>o) = $(ipo)- Hence ip G S^. 
Using the induction on j and the argument above, we conclude that S((f)j) = S(tpj) and 
cf)j G Irr n ipj for < k < j. Hence ip G T m and the claim is proved. 

For n > n m [ Q and < j < k put Tn = \ <p G T n }. Actually we have shown 
above that for each p G T n there exists A G T n+ \ with p G Irr n A and that in this situation 
Pj G Irr„ \j. Hence the collections J = (Tn) are inductive systems. Put 6 = <8>^ = o Fr^O- 7 ) 
and prove that $ = 0. As $ is indecomposable, Lemma [3.41 implies that for every (j) G ^ 
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there exists m > n and i\) E T m with eft E Irr n t/j. Obviously, T m C G m . Since is an 
inductive system, this yields that $c6. As is an inductive system, now it suffices to 
prove the following: if p = ®j =Q p^ with pj E O^, then Irr p C <l? n . The construction of the 
systems O- 7 implies that there exist m > n and representations Oj E T m with pj E Irr n 8j . 
Set = ®j = Q$j. As $ is an inductive system, now it remains to show that 8 E $ TO . 

By the definition of T m , there exist representations ip 1 E T m with 0j = ipj. Since 
is indecomposable, Corollary 13.51 implies that for some I > m there exists £ E <3?; with 
V'"' E Irr m By the arguments above, ( G T| and ijjP E Irr<^ for < j < k. Hence 
8 E Irr m (C$ m as desired. □ 



4 Modules with small weight multiplicities for groups of 
type A 

In this section G n = A n (K). For a module M we assume that M®° is the trivial module. 
Recall the pdeg function defined in ([1]). 

Lemma 4.1 (i) Let M E IrrG n and pdegM = d. Then M E lrrV® d . If N E IrrV^, 
then pdeg N < d. 

(ii) Let M E IrrG n and pdegM* = d. T/ien M E Irr(y n *)® d . If N £ Ivr(V*)® d , then 
pdegN* < d. 

Proof, (i) Let Mc be the irreducible module for the group A n (C) with the same highest 
weight as M. Denote by V c the natural A„(C)-module. By [TO], M c E Irr Obviously, 
the formal characters of the modules V® d and y® d coincide. By pTJ, these modules have 
nitrations by Weyl modules. Denote by m{oo) and mc(w) the multiplicities of the modules 
V(w) in these nitrations for V® d and V® , respectively. Then m(u) = mc(w) as the weight 
multiplicities in V® d and t^f" 1 coincide. Since M E LW(u;(M)), this forces M E IrrV® d . 
The first claim of part (i) is proved. 

Recall that uf = £\ + . . . + e n , an = e% — £j+i for 1 < i < n, and s\ + . . . + e n +i = 0. 
This implies that if pdeg N = k and w(M) = Yli=i ^* e *' then X^=i = ^ i s clear that 
each weight p E A(V® d ) has the form dw\ — Y^l=\ c « a * with a E Z>o- This yields that 
pdeg N < d for N E Irr and completes the proof of (i) . 

(ii) Take into account that (V*)® d ^ (V® d )* . □ 

Recall the sets L d and R d defined in ©. 
Proposition 4.2 £^ = {M E IrrG n | pdegM <rf},^ = {M E IrrG„ | pdegM* < d}. 
Proof. This follows immediately from Lemma l4.1i □ 

Proposition 4.3 Let M E Irr p G n andui(M) ^ Q p (G n ). Assume that pdegM < n. Then 
wdegM > pdegM - 2. 

Proo/. Put d = pdegM and = G(l, ... ,d - 1). Then if ^ SL d {K). Recall that 
w(M) ^ hence d > 1. Denote by iV the Smith factor of M associated with H 

(see I2.3p . Since u;(M) is not fundamental, one easily observes that lo(M) = ^i=i ^^i 
and hence pdeg M = pdeg N = d. 
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Now we can apply the Schur functor to the -ff-module N. Let M(d, d) be the category 
of the polynomial GLd(K)-modules over K which are homogeneous of degree d, E^ be the 
symmetric group of degree d, and let KT,^ — mod be the category of ifE^-modules. Let 
V G M(d, d) and A = b\£\ + . . . + b^Ed be the highest weight of V. Here Ej are weights of 
GLd(K). Note that b\ > ■ ■ ■ > bd > and b\ + ■ ■ ■ + bd = d. Hence A = (pi, . . . , bd) is a 
partition of d. 

The Schur functor 

S d : M(d, d) -»■ KT, d - mod 

is defined as £>d{V) = V° where V° is the (1, . . . , l)-weight subspace of the module V [121 
Chapter 6]. Alternatively, one can regard V as an SLd(K)-modu\e and define § d (V) as 
the 0- weight subspace of V. 

The functor §d is exact and by [12} 6.4], 

S d (N) = D X ' ®sgn 

where D x> is the irreducible E^-module corresponding to the partition A' dual to A, and 
sgn is the sign module for E^. Hence by Proposition 12.151 wdegM > wdeg A" > dimD A . 
If wdeg N < d— 2, then [13] implies that D x £g>sgn is equal to the trivial module or sgn. So 
D x is the trivial module or sgn in this case. If D x is trivial, then its diagram is the row of d 
boxes, therefore the diagram for A is the column of d boxes and iV and M are fundamental 
modules (recall that their highest weights are determined by the same formula). By [161 
Section 5], if d = k(p — 1) + r with < r < p — 1, then the diagram for sgn consists of r 
rows of length k + 1 and p — 1 — r rows of length k. In this case A has the diagram of k 
rows of length p — 1 and 1 row of length r and so u(N) = (p — 1 — r)uJk + Wfc+i which 
implies that N and M are truncated symmetric powers of the natural modules. In both 
cases u(M) £ £l p {G n ) which yields a contradiction. Hence wdegM > wdeg iV > d — 2. □ 

Lemma 4.4 Let n > d. Then wdegV^ = d\. 

Proof. Set T = V® d . Note that each weight A of T is of the shape A = • -+bd£d where 

(bi, . . . , bd) runs over all 6j > with b\ + ■ ■ ■ + bd = d and dimT A = bi ; 6z f bd \ < d\. On the 
other hand, for A = E\ + • • • + £d, this dimension is exactly dl. Therefore, wdegV® d = dl. 
□ 

Proposition 4.5 Let n> d and M = L(a\uJi + . . . + aauid) £ &n or M = L(adU) n -d+i + 
. . . + aiuj n ) E Then wdegM < dl. Moreover, wdegM is determined by the sequence 
(ai, . . . , ad) and does not depend on n. 

Proof. Let M G L d . We have pdegM = j < d by Lemma O^i). Set T = V® j - Observe 
that M G IrrT by the same lemma. Therefore wdegM < j! < ci! by Lemma 14.41 

Let A G A(M) be dominant. As A G A(T), we have A = b\£i + . . . + bj£j with b\ > 
. . . > bj > 0, b{ G Z>o and &i + . . . + bj = j. Set u = lo(M). Then A = ju\ — Yli=i °i a i = 
uj — Yli=i diOii with Cj, di G Z>o- Denote by Ms the Smith factor of M associated with 
the subgroup G(l, . . . , j — 1) = Gj-_i. By Theorem[231 dimM A = dimM^ s for the weight 

= A4-G(l, . . . ,j — 1). Since each weight in A(M) lies in the same orbit with a dominant 
weight under the action of the Weyl group, we conclude that wdegM = wdeg Ms and 
hence does not depend on n. To handle the case 163^, consider M*. □ 
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Lemma 4.6 Let 1 < j < k < n, and let ui = X^s=j a s u} s be a dominant p-restricted weight 
of G n with both aj and 7^ 0. Then 

wdeg L(uj) > k — j. 

Proof. Write uj = ajUj + a^ui^ + . . . + a it u) it + a^k with j < i\ < . . . < i t < k and 
/ (t can be zero). By [T71 Proposition 1.21], wdegL(w) > f{j,h, k), 
where for /-tuples . . . ,ui) with itx < . . . < ui the integers f{u\, . . . ,ui) are determined 
by the following recurrent relations: 

f(ui) = 1; 

f(u 1 ,u 2 ) = u 2 - ui; 

f(ui,u 2 , ...,u l ) = (u 2 - ui)f(u 2 , ...,ui) + f(u3, ...,ui) for Z > 2. 

We claim that f(j,ii, . . . ,it,k) > k — j. For t = this holds by definition. Then apply 
induction on t. Let t > 0. One easily concludes that /(ui, . . . , u{) > 1 for all positive 
integers u\ , . . . , U\. Now the induction hypothesis yields that 

f(J,h,.. -,it,k) = (h -j)f(h,. . . ,i t ,k) + f(i 2 , ...,it,k)> (n - j)(k - h) + 1. 

(For t = 1 we have f(J, i\,k) = (i\ — j)(k — i\) + 1.) Note that ab> a + b for a and b £ N 
and a, b > 1. Hence ab+1 > a + b for all a and b E N. This yields our claim and completes 
the proof. □ 

Propositions 14.31 and 14.51 imply that for groups of type A n there exist classes of simple 
modules M with wdegM arbitrary large, but small with respect to n. Note that for a 
generic simple p-restricted module wdegM grows with the growth of n. 

Proposition 4.7 Let M £ Irr p G n , ui(M) £ Q p (G n ), and n > 16. Assume pdegM > n 
and pdegM* > n. Then wdegM > y/n/p — 1. 

Proof. Let u) = Y2t=i a * a; * with aiOj 7^ 0, 1 < i < j < n. Due to Lemma 14.61 one can 
assume that j — i < \fnjp — 1 (otherwise wdegL(w) > j — i > \fnjp — 1 as required). Put 
k = j — i + 1 and a = Yjt=i °*- Then k < \fnjp and 

a < k(p - 1) < y/n. (12) 

Passing to M* if necessary, one can assume i — 1 < n — j. Denote by H s (s = 1, 2, . . . , i) 
the subgroup G(s, . . . ,n) = A n - s+ x(K). So H\ = G and the rank of H s is equal to 
n — s + 1 > n/2 for all s < i. 

Let L s be the Smith factor of L{uS) with respect to H s . Then pdegL s = pdegLj + (i — 
s)a. Note that 

pdegLj < ka < k 2 (p — 1) < n(p — l)/p 2 < n/2 

since p > 2. 

Fix minimal s such that pdegL s < n/2. Since pdegLi = pdegL(a;) > n, we have 
s > 1. Then pdegL s _i = pdegL s + a > n/2, so pdegL s > n/2 — a. Applying (fl~2]h we 
get n/2 — a > n/2 — y/n. As the rank of H s is greater than n/2, by Lemma 1431 

wdegL(a;) > wdegL s > pdegL s -2 > n/2- y/n- 2 = y/n(y/n/2-l)-2 > y/n-2 > y/n/p—l 



14 



since n > 16 and p > 2. □ 

Now we are ready to prove our first main result. 
Proof of Theorem \1.6i Part (i) is proved in Proposition 14.71 and part (ii) is proved in 
Propositions 14.31 and 14.51 □ 

Corollary 4.8 Let M = & k=Q M^ . If at least one of M& satisfies the assumptions of 
Proposition ^ .7[ then wdegM > \fnjp — 1. 

Proof. This follows immediately from Lemma 12.161 and Proposition 14.71 □ 
Now we pass to modules that are not p-restricted. 

Lemma 4.9 Let M G IrrG n; M = Ni®N^ s] , N 1} N 2 G IrrG„, and let 8(N{) < p s . Then 

\s] 

for any weight A G A(M) there exists a unique pair (n,v) with li G A(Ni), u G A(A^ ), 
and A = fj, + v. 

Proof. It is obvious that A = ll + v for some fi and v. Put N' = N^. Suppose that 
ix + v = n' + v' with pj G A(iVi), z/' G A(N'), and // / //. Then n - p! = v' - v. Acting 
by the Weyl group, one can assume that fj, — fj,' (and hence v' — v) is dominant. Denote 
by a m the maximal root of G n . Note that v = p s £ and v' = p s £' with £ and £' G A(A?2). 
Therefore 

P s (£ ~ £, «m) = - i/, am) = (li - fjf, a m ) < 25(N 1 ) < 2p s . 

This implies that (£' — £, a m ) = 1, i.e. £' — £ is a fundamental weight. However, this 
difference is a radical weight (i.e. a linear combination of roots). This yields a contradiction 
and proves the lemma. □ 

Now consider tensor products of certain special modules with relatively small wdegM. 
Theorem 4.10 Let d G N and 

M = N ® . . . <g> N t eIvvG n . (13) 

Assume that 

Nt = ®% H _ 1+ M S] (14) 

with i_i = —1 and for each t, < t < I, one of the following holds: M s G for 
H-l + 1 < s < i t) or M s G for all these s, or w(N t ) G Sl(G n ). Let 5(N f ) < p l f +1 for 
all Nf with f < I (if are such as in (T4ty). Then wdegM < m for some integer m that 
depends only on d and the differences it — it-i, and does not depend on n. 

Proof. If uj(M) G £l(G n ), we have wdegM = 1 by \28\ Theorem 2]. Assume that this is 
not the case. Let S = {u±, . . . , u^} be the set of all indices t for which w(A^) g" Q(G n ). 
Set Sj = i Uj -! + 1 and lj = i Uj - Sj for 1 < j < k. Put iVj = ® l ^ =0 M^ +g . We have 
N Uj = (ATj)fe]. Hence wdegA^. = wdegiVj. Put dj = d(l + p + . . . + p l 3). We claim that 
wdegM < Y[ k j=1 dj\. 

Apply induction on I. For I = one has M G L d ° or 0l d °. Hence our assertion 
follows from Proposition 14.51 Assume that I > and the assertion holds for I — 1. Set 
M' = N ® JVj_i. Since 5(Nj) < p^ +l for j < I, we get 5{M') < . Then 

by Lemma 14.91 for each A G A(M) there exist a unique pair with fx G A(M'), 
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v G A(Ni), and A = \i + v. Then dimM A = dim((M') M ) dim(A^) and hence wdegM = 
wdeg M' wdeg Ni . By the induction assumptions, wdegM' < n^=i 4r if u k = I aud 
wdegM' < Ilj=i djl otherwise. In the first case wdeg Ni < d k \ by Proposition 14.51 In the 
second one oj(N{) G VL{G n ) and wdeg = 1. Another application of Lemma 14. 91 completes 
the proof. □ 

Remark In some cases much stronger estimates can be obtained. In particular, this 
holds if M = ®{ =0 M [ k k] with M k G Irr p G n and S(M k ) < p for all k < f. Then, applying 
Lemma 14.91 and Proposition 14.51 we can deduce that wdegM < (d\) N , where N is the 
number of indices k for which u>(M k ) fl p (G n ). 

Proposition 14.111 shows that our assumptions on S(Nf) play a crucial role in Theo- 
rem inni 

Proposition 4.11 Let i,l £ N with i < I and M,N G IrrG n . Assume that oj(M) = 
Xy*=i a t^t = Ylk=oP k ^ k with X k p-restricted and co(N) = Y2t=l ^t^t- Suppose that 5(M) > 
p> +1 . Set Q = M®Nti+ l l Then wdegQ > The same holds ifu(M) = YJLi h t^t, 

u(N) = Ylt=i atLjJt an d other assumptions of the proposition hold. In particular, in this 
situation wdegQ > n — m — i if M G L l n , N G "X^ or vice versa. 

Proof. We will consider the case where ui(M) = Y2t=i a * w * an d w(A r ) = Ylt=l &t w t- The 
proof for the other case is similar. 

Taking minimal possible I, we can suppose that b\ ^ 0. Put c = 5{M) and write down 
the p-adic expansion c = Ylk=o c kP k with < c k < p. 

(a) First assume that Cj + \ ^ 0. Set V = G(a± + ... + cti, a«+i, . . . , a n ). Observe 
that T is conjugate to G n _j+i, the group G(i + 1, . . . , n) is conjugate to G n -i and G{i + 
1, ... ,1) is conjugate to Then one easily concludes that L{cw\) G Irr n _j + i M. By 
the Steinberg tensor product theorem ([3]), L(cuj\) = ^ =Q L(c k uji)^ . Let < a < p and 
aui G A(G n _i + i). Applying [291 Proposition 1.4], one obtains that L(ui) and L(0) G 
Irr n _j L{auj\). Hence L{jP +1 uj{) G Irr n _,;(L(cu;i)) C Irr n _j M. The arguments above 
imply that L(p> +1 uji) G Irr;_j M. Analyzing the restriction M\.G(i + 1, ...,/), we get that 
L(bip j+1 uJi-i) G Irr;_j N. Consequently, L(p* +1 (ui + bi^i)) G Irrj_j(M(g) N). Lemma l4~6l 
implies wdeg(M (g) N) > I — i — 1. 

(b) Now let Cj_|_i = 0. Then X^l=i a fc = c — P* +2 - Fix minimal s with X^fe=i a fc — 
Si=o c kP k - Since all < p> +1 , we get s < i. Identify the group G n - S with G(s + 1, . . . , n). 
Let M s be the Smith factor of M with respect to G n - S . Denote by c s the value of u(M s ) 
on the maximal root of G n - S and put S s = ai + . . . + a s . One has c s = c — S s . Write 
c s = X]{=o c l^ fc with < c| < p. One can observe that c^ +1 = p — 1. Now we can proceed 
as in part (a) using the group G n - S rather than □ 



5 Inductive systems with bounded weight multiplicities 

In this section we classify all BWM-systems for all four classical series of algebraic groups. 
We will denote by Nj the set of integers s with < s < j. Recall the systems Cx(ai, . . . , ad) 
and Cji(ai, . . . , a^) defined in ([7]) and flSJ). 

Lemma 5.1 Assume that ki < . . . < kt G Z>o and aij < p for 1 < i < d, < j < t. Set 
a i = Sj=o a ijP kj , 1 < i < d. Then 

C L (ai , . . . , a d ) = <g>*- =0 C L (ay , . . . , a dj ) [k > ] . 
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The same holds for Cr{cl\, . . . , adj. 

Proof. Put C L (ax, . . . , a d ) = L, C L {a Xj , ...,a dj ) = IP\ and <8)*- =0 (I^)^ = V . For n > d 
set M n = L(a\of{ + . . . + a d u2) G IrrG n and Ml = L(aijuf + . . . + a dj ujf) G Irr p G n . 
Then M n = ®^ =0 (Ml)^ k ^ by the Steinberg tensor product theorem ([3]). Now Theorem l2.3l 
implies that M n G and hence L C V '. Taking into account the definition of a tensor 
product of inductive systems, it remains to prove that for each collection (Ni, . . . , N t ) with 
Nj G L J n the set S = Irr((g)*- =0 iV- ) C L n . The construction of the systems V implies 
that for q large enough L J n C Irr n M\ for all j, < j < t. Hence S C Irr n M q C L n . This 



completes the proof for Cl(cli, . . . , a d ). The proof for Cij(ai, . . . , a d ) is similar. □ 

Now we start describing BWM-systems for groups of type A n . Note that 7 = 7 for 
p = 2, but this does not affect the proofs. 

Proposition 5.2 Assume that Si U S 2 U S3 = Nj, Sj n S fc = /or i ^ fc, S3 = if 



p = 2, and S2 U S3 ^ 0. // Si 7^ 0, for each k G Si sei M nj fc = M n ^{aik, • • • , ffldfc) or 
M n ,R(aik, • • • > Odfc); where < ai^, . . . , a^fc < p and £/ie index "L" or "R" is the same for 
all n. Put ^ k = (M n , k I n > d) for k G Si, f fc = 7 for k G S 2 , = 7 for k G S 3 , and 
^ = ®t = o Fr Lei $ 6e an inductive system. Assume that for each I there exist n 

j \k] 

and a module eft = ® k=0 4> k G $ n with the following properties: 



fa = M nM for k G Si; (15) 

fa G 7 n forkeS 2 ; (16) 

fa G 7 n for k G S 3 ; (17) 

fa i L l n UR l n forkeS 2 US 3 . (18) 



Then ^ C 

Proof. The construction of ^ and the definition of the tensor product of inductive systems 
imply that it suffices to prove that for each m > d and each G m -module n = <S> k=0 Tr k with 
ir k = M m> k for k G Si, 7Tfc G 7 m for k G S2, and 7Tfc G 7 m for A; G S3, one has ir G $ m . Put 
I = {p — l)(m + 1) and choose n > m and (j) G $ n that satisfies (115p - (|18p for this I. Then 
Lemma [27T1 and Corollary 12.91 imply that -k^ G Irr m fa for k G S2 U S3. By Theorem 12.31 
n k G Irr m cj) k for k £ S\. Hence ir G Irr m C $ m . This completes the proof. □ 

Note that Si can be empty. 

Corollary 5.3 Set n' = [2±1] and F n = L(u% f ) G Irr G n . Then 7 = {F n | n G N). 

Proof. Theorem 12.31 implies that -F n G Irr n i^+l- Hence (-F n | n G N) is an inductive 
system. Naturally, for each d there exists n with F n £ £^U3^. Now apply Proposition ^. 2[ 
□ 

Corollary 5.4 Define nf as in Corollary 1 5. 31 and se£ T n = L((p— \)u n >). Then 7 = (T n \ 
n G N). 

Proof. Argue as in the proof of Corollary 15.31 applying Propositions 14.21 and 15.21 □ 
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Corollary 5.5 Let C 7 or 7 be a proper inductive subsystem. Then <1> C L d U Ji d for 
some d G N. 

Proposition 5.6 Let C L d or 3l d . Then & is a finite union of systems Cl(cli, . . . , a^) 
or Cr(cli, . . . , ad), respectively. 

Proof. It is enough to prove for L d . The proof for 3l d is similar. Assume that <& C L d . 
For a d-tuple s = (ai, . . . , a^) with dj G Z>o set M n ^(s) = L(aiw™ + . . . + a^uj^) and 
Cl(s) = Cx(ai, . . . , a<i). Denote by 5^ the set of all such tuples with ai+2a2+. . .+dad < d. 
Obviously, the set Sd is finite. By Proposition 14.21 = {M n ^{s) \ s G Sd}. Let 
£(<&) = {s G 5 d | C L {s) C <£} and * = U seS ($)Ci(s). We claim that \P = $. Suppose 
this is not the case and set D n = $ n \ vl/ n . Then D„ ^ for large enough n. Hence, 
there exists a £ Sd for which the set {n | M ni x(cj) G D n } is infinite. Since <E> and \& are 
inductive systems, this implies that Cl{o~) C 3> and yields a contradiction. Hence \P = <1> 
as desired. □ 



Corollary 5.7 //<!> C £ d orOl d is an indecomposable inductive system, then $ = Cx(ai, . . . , 
or Cu(ai, . . . , ad), respectively. 

Lemma 5.8 Let $ C L a U ft 6 , ou£ $ £ £ a and $ <£ R b . Then $ = $ L U w/iere $ L 
and <E> R are proper subsystems of <5, <& L C £ a , and <1> R C 

Proo/. Set n n = $ n n ££, S n = $ n n Observe that n n n £„ = for n > a + 5. 
As £ a , and IR b are inductive systems, this implies that <& L = (Tl n \ n > a + 6) and 
n | n > a + 6) are inductive systems. It is clear that $ n — U < 3?^'. Hence 
$ = $ L U □ 



Proposition 5.9 Let & be a p-restrictedly generated BWM-system. Then one of the 
following holds: 

(1) $ = 3~; 

(2) $ = T; 

(3) $ = JUT; 

(4) $ C L d U 

('Sj $ = $'UT, $ = $'UJorf = $'UTUT m'tfi C L d U 
In a// cases, if wdeg$ = fc, t/ien $ C £ fc+2 U Jl k+2 U TU T. 

Proof. Assume that wdeg $ = k. First suppose that <i> (t 7L)7. Then <3? n G! 3~ n UT n for large 
enough n. Fix n > (k + l) 2 p 2 and a p-restricted <j> G $ n \{3" ri ,UT„}. Proposition 14.71 implies 
that pdeg</> or pdeg^* < n since otherwise wdeg^ > y/n/p — 1 > k. Now Proposition 14.31 
forces that pdeg <fi or pdeg <j>* < k + 2 and hence <fi G £^ +2 or 3?^+ 2 by Proposition I4.2L 
This yields the last claim of the proposition. 

Now we want to reduce the problem to the case where both 3~ <£_ $ and 7 (jL 3?. Assume 
that this is not the case. Put W = 7 if 7 C but 7 (£ * = 7 if T C but 3" £ 
and ^ = 3"UTif3"UTc<I ) . If ^ = <I>, the proposition is proved. Assume ^ / $ and put 
D = We claim that both 3? qt D and 7 <£ D. 

If ^ 7^ TU 3", define an inductive system D' by the equality {^/,D'} = {3", 7}. Then 
D = (An I n G N), where A n C £^ +2 U^+ 2 or £^ +2 U^ +2 U D' n . Hence D C £ fc+2 Uft fe+2 
or D C £ fc+2 U3? fc+2 UZ) / which yields our claim. Replacing ^ by D if necessary, we assume 
that both 7 (t $ and 7 (t $. 
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Proposition implies that for some I the intersections $„nJ„ and $ n nT„ C L^UOl^ 
for all n. Put d = max(I, k + 2). Then $ n C £ d U ^ and we have $ C L d U%. d . □ 

Proof of Theorem \1.6[ The theorem follows immediately from Propositions 15.61 and 15.91 
Corollaries 15. 3\ 15.41 and 15.71 and Lemma 15.81 □ 

Let $ be an inductive system with 5(&) < pi +l for some j G Z>q. Then each <f> G $ n 
can be uniquely represented in the form (8)^ =o 0^ with cf) k G Irr p G n . This notation is used 
in Proposition 15.101 

Proposition 5.10 Let Q be a BWM-system with o~(3>) < p 3 ^ . TTten i/iere exists an 
integer N = N(wdeg&,j) with the following properties: if d > N , U\, U 2 C Nj, U\C\\Ji = 
0, U 2 = forp = 2, 4> G $ n , fc G J„ /or a// fc G ZJi, 4> k G T n /or a// k G Z7 2 , 0fc ^ ^n u3? n 
/or eac/i G f7i U L^? a^d £ fan V' "0 £ ^g? Q > n > then ip k £ 3"? /or k & Ui, ipk £ 
fork£U 2 , and ip k (££, d U% d fork £ [/j U [/ 2 . 

Proof. Let wdeg$ = c. Proposition 14. Ill yields that for all a, 6 G N there exists t = t(a, b) 
such that the following holds: if n > t, M = ® s k=Q Mf ] with M k G Irr p (2 n , all M fc G 
or all M fc G o"(M) > p s+1 , F G 3"„ or T n , and F $ £* or U^, respectively, then 
wdeg(M ® (F[ s+1 l)) > b. One may assume that t(a,b) > a + 2b. Now put 

ii = t(c + 2, c) and t u = t(t u -i, c) for 1 < u < j. (19) 

Hence 

tj > . . . > h > c + 2. (20) 

Set 5 = c + 2 + ££=i P u *«- Put ^ = max (5, (c + 1) V + 1). 

Let n > N , </> G $ n and satisfy the assumptions of the proposition with this iV and some 
d > N. Assume that tp G <fr q and G Irr,,,^. Arguing as in the proof of Proposition 15.91 
one can conclude that 

V>fc G £g +2 U 3?g +2 UJUT (21) 

for all A;. 

We claim that </>fc G Irr n ip k for k <E UiUU 2 . For > and I < k put 7r(Z, k) = S^Vs , 

7r(fe) = 7r(0, fc), p(l,k) = 'Sig-i'ips , and p(fc) = p(0,k). Now our aim is to show that 
5(ir(k)) < p k if A; G U\ U £/2- Assume this is false. If there exists i < k with <5(7r(i)) < p l , 
choose maximal such i and put I = i. Otherwise put I = 0. Then 5(7r(l,k)) > p k . One 
easily observes that 6(tpi) > p since otherwise 5(tt(1 + 1)) < p l+1 , which contradicts the 
choice of I. Hence w(^) J) p (g). So V/ G £^+ 2 U 3^+ 2 by Assume that ^ G £g+ 2 . 

Put / M = for Z < w < k. We claim that ?/> M G £g u for such it. Using (|2~T|) . we conclude 
that V« G £^+ 2 U if ufa) $ Q p (q). 

Recall that t u _; >t%> c+2. First let u = l+l. As wdegp(Z, it) = wdeg(^<8'(V ; I^)) < c > 
we get V'u £ Cq 1 if ^« £ U T 9 . Since n > N > ti > 3c + 2, Proposition 14. 1 1 1 yields that 
V>u R c q +2 if w(^ u ) ^ 0. Hence ip u G Now assume that u > I + 1 and apply induction 
on u. Suppose that ip s G L^ a for Z < s < u. Then ^ s G L^- 1 for these s as f s < f u -\ if s < 
u—1. The choice of Z shows that (5(vr(Z, n)) > p n since otherwise 8(ir(u)) < p u , which yields 
a contradiction. Write p(l, u) = p'M and observe that wdeg p' = wdeg p(l, u) < c. Applying 
Proposition 14.111 and arguing as above, we conclude that ip u ^ ^■ q +2 and ip u G if 
tpu G 3" g U T g . Here it is essential that n > > + 2c. Put g' = c + 2 + X^h=i p' 1 ^- 

Then for u = k one has p' G £f . Obviously, g' < g (the equality holds only for Z = 
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and k = j). If tpi G 2v^ +2 , similar arguments yield that p(l,k) = p'W with p' G Hq . Now 
we conclude that ®*7.g(/>i ^ -^ rr ™ ^(O if ^ > and in all cases there exists /i G Irr„, p' 
with /i = (®^Zo4^s+l) (g) X ^ IttGu. Since £ 9 ' and 3? 9 ' are inductive systems, 

this forces <fi k G £™ or 3?^ and yields a contradiction as L 9 ' U Ji 9 ' C £ A/ U 2? M . Hence 
S(ir{k)) < p k if k > and fc G I7i U C/ 2 - 

Now one can conclude that for all fc G f/i U f/2 there exists p G Txr n ip k with p = 
4>k <8> (Ai'^)j where // G IrrG„, (this always holds for fc = 0). Obviously, /x = 0fe if 
<jj(ipk) £ ^(Gn). Assume this is not the case. Then ip k £ L c q +2 U 2^+ 2 as we have seen 
earlier. But in this case p k G ££ +2 U3?^ +2 C L^f UJi^f which yields a contradiction. Hence 
ip k e? q U 7 q and <p k G Irr n ^ fe . Naturally, i(j k U 31% as otherwise cj) k G £^ U $*. Now 
Lemmas [2771 and [2T51 imply that Vfc G 3~ 9 if 0fc G J q and G T 9 if 4> k G T 9 . This completes 
the proof. □ 

Proof of Theorem \1.7\ Recall that an inductive system <I> = <S>^ =0 Fr k (& k ) is special 
if each <3? fc = Cx(ai, . . . , a^), Cfl(ai, . . . , a^), 3" or 7. If <I> is special, we can write = 
g) j =0 1 S r * , where are determined as before the statement of this theorem in Introduction. 
Theorem l4.10l Proposition ^. Ill and Proposition 12 . 1 51 imply that a special inductive system 
$ is a BWM-system if and only if Sfi/f) < p l f +1 for all f < I (if are such as in (fTTj) ). 
Lemma 15.11 yields that each special inductive system $ has the form <3? = | n > A) 
where <j> n G IrrG n , A G N. Hence special systems are indecomposable. Now we will show 
that every indecomposable BWM-system is a special system with 5(^>f) < p l i +1 for f < I. 

Let <3? be an indecomposable inductive system and wdeg <J> = c. By Theorem 11.51 
3? = ®j, =() rV* 1 ^), where are p-restrictedly generated inductive systems. It follows 
from Lemma 12.161 that wdeg^ < c for < k < j. One easily concludes that are 
indecomposable. By Theorem 11.61 each <& fc = Cz(ai, ■ ■ ■ , Cr(cl\, . . . ,ad), 9~> or 7, i.e. 
<3? is special. This completes the proof of the theorem for indecomposable systems. 

Next, let 25 be an arbitrary BWM-system. Fix minimal j with 5(15) < p >+ . Then for 
all n and each <p G 25 n we have (j) = (g) k=0 (t>i with G Irr p G n . Until the end of this proof 
for a module ip G 25 n we denote by ip k , < k < j, the modules in Irr p G n that occur in 
such decomposition. Set 

A„,fc = {M G Irr p G n \ M = <j) k for some <j) G $„}, < k < j. 

Assume that wdeg 25 = c. By Lemma 12.161 wdegM < c for all M G A n ^. Arguing as in 
the proof of Proposition 15. 9\ one concludes that 

A„, fc CJ„UT„U L c + 2 U 2^ +2 (22) 

for n > (I + l) 2 p 2 and < fc < j. First assume that 

for all d there exist n and fc with A„ jfc n (7 n U T n ) £ L°\ U (23) 

If p ^ 2, denote by C the collection of pairs (Vi, V2), V% G Nj with the following properties: 

(i) V 1 nV 2 = 0, Vi U V 2 ^ 0; 

(ii) for each d there exist n and 4> G 25 n such that 4> k G 3~ n for fc G Vi, G T n for k G V2, 
and (j) k (£ Liu 2?^ for fc G Vi U Vfc; 

(iii) there is no pair (V{, V%) such that V[ and V^' satisfy (i) and (ii), V\ C V[, V2 C 
and V{ U y 2 ' / Vi U V2. 
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If (yi,V 2 ) G e and Vi U V 2 = N j} set *(y u V 2 ) = (® fceVl Fr fc (J)) (® fce y 2 Fr fc (T)). 
Assume that (Vi, V 2 ) G 6 and Vi U V 2 / Nj. Set V = Nj \ (Vi U V 2 ). Fix t G V . 

The construction of C implies that there exist u = u(t) and v = v(t) with the following 
properties: if G <3? n , G 3~ n for k G Vi, G 7 n for A; G V2, 4>k £ &n U ^ for 
A; G V"i U V2, and </> t G 3~ n U T ra , then <f> t G £^ U D?^ (otherwise (Vi, V 2 ) would not satisfy 
(i)-(iii)). These arguments and Formulas ()22[) and (|23p yield that there exist m and d 
such that <£ fc G L d n U 3^ if G ® n , n > (c + 1) V, fc G V, a G J„ \ (£™ U 3?™) for all 
a G Vi, and ^eT„\ (£™ U ft™) for all 6 G V 2 . Denote by S = S(Vi, V 2 ) the set of all 
inductive systems IT = <8>fcgv& Fr fe (n fe ) with the following properties: Tl k = Cx(aifc, ■ ■ ■ , adk) 
or Cn{a\ki ■ - - > O'dk), < a^fc < p, H k C £ rf or "R d , and for each m there exist n and (j) G $ n 
with = p n ,L(aik, a*) or p n ,ii{a>ik, ■■■ , a dk) if fe G V and II fe C L d or respectively, 
fc i L™ U 3?™ for k G Vi U V 2 , </>fc G J n for fc G Vi, and (j) k G 7 n for fc G V 2 . Observe that 
S is nonempty and finite. For II G S set 

(II) =n® (<g) fc6Vl Fr(J)) ® (® fce y 2 Fr(T)). 

Put *(Vi,V2) = Unes^(n) and * = U( Vl] y 2 ) ee *(Vi, V 2 ). Proposition El implies that 
*(V1, V 2 ) C B if Vi U V 2 = N_j and *(n) C B for all n G 5(Vi, V2) if Vi U V 2 / Nj. Hence 

* C B. 

For p = 2 let C be the collection of all nonempty sets V such that for each d there 
exist n and (j) G B n with G 3~ n for fc G V and V is a maximal subset in PL- with this 
property. If C consists of the set Nj, put \£ = ®i =0 Fr fe (3~). Assume this is not the case. 
For each V G C construct the set S(V) and the system ^(V) in the same way as we have 
constructed the sets S(Vi, V 2 ) and the systems *(Vi, V 2 ) for p / 2. Put * = Uy ee *(V). 
Using Proposition 15.21 as before, one concludes that f C S for p = 2 as well. It is clear 
that in all cases ^ is a finite union of indecomposable BWM-systems. So we are done if 

* = B. 

Assume that * ^ B and set B 1 = D(B,^). Obviously, wdegB 1 < c. Denote by A* fc 
the analogues of the sets A nj fc for the system B . It is clear that (|22l) holds for A* fe . 

Assume that fl23J) holds for A* k . Then one can define the collection S 1 for the system 
B 1 in the same way as we have defined C for B. Put q(C) = max{|Vi U V 2 \ | (Vi, V 2 ) G C} 
for p > 2, q(Q) = max{|V~| | V G C} for p = 2, and define (/(C 1 ) similarly. We claim that 
^(S 1 ) < q(Q). Indeed, let p > 2 and (Ui, U 2 ) G 6 . We will show that there exists a pair 
(Vi, V 2 ) G 6 with Ui C Vi and |Vi U V 2 \ > \Ut U U 2 \. First we will prove that (Ui,U 2 ) <£ 6. 
Suppose that (Ui,U 2 ) G 6 for some pair (Ui,U 2 ) G S 1 . Let t/i U U 2 / Nj. We have 
constructed a subsystem ^(C/i,[/ 2 ) C $ such that for some m = m(Ui,U 2 ) if G <& n , 
fc G J n for all k G t/i, <j> k G T„ for all k G t/ 2 , and fc g £™ U for each fc G C/i U f/ 2 , 
then ^ G *(f7i,J7 2 ) n . 

Let N = N(c,j) be such as in Proposition [BTTUl Let d > N if U\ U f7 2 = Nj and 
<i > maxjA'', m{U\, U 2 )} otherwise. Since (U\, U 2 ) G 6 , some B^ contains a representation 
such that fc G 3~„ for fc G U 1} (j) k G T n for k G ?7 2 , and (j) k £^U^ for each k G t/iU[/ 2 . 
The construction of B 1 implies that for some t > n there exists a representation p G St\^f 
with eft G Irr n p. By Proposition 15.101 pk G 3"t for k G U\, pk G Tf for fc G f7 2 , and 
Pfe ^ LfuJlf for fc G C/i Ut/2. This yields a contradiction. Indeed, if f/i U J7 2 7^ Nj, all such 
representations p G ^(?7i, U 2 ) by the arguments above. If TJ\ U C/ 2 = Nj, the construction 
of Vl/(C/i, C/ 2 ) implies that for p ^(Ui, U 2 ) some pk $ $t with G U\ or some p s ^ T t for 
s G U 2 . Observe that in all cases *(f7i, U 2 ) C Hence (Ui,U 2 ) <£ C. 

The construction of C and S 1 implies that the pair (Ui,U 2 ) satisfies the assumptions 
(i) and (ii) that we used to define C, but does not satisfy (iii). Hence there exists a pair 
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(U[,U£) mentioned in (iii). 

Take for (Vi, V2) such pair with maximal \U[ U C/^l- For p = 2 similar arguments yield 
that each U C C 1 is the proper subset of some M C C. Hence in all cases (/(C 1 ) < q(Q). 

Now construct an inductive system vp 1 C 23 1 in the same way as \& was constructed 
for B. If ^ / B 1 , set B 2 = _D(B 1 ,^' 1 ). Continue the process until this is possible, 
constructing for a system B* the collection 6* and the subsystem \P l in the same way as 
C 1 and \E' 1 were constructed. By the arguments above, if is determined, then q(Q l ) < 
q(Q l ~ l ) < ... < q(Q). Hence for some i < j either = B l or ([23]) does not hold for 
B* +1 . In the first case B = ^ U (Ui<k<i^ k ) and hence is a finite union of indecomposable 
BWM-systems. Now assume that (J53]j does not hold for B or B i+1 . Set £ = B or B m , 
respectively. Formula (122|) yields that Sc^UX" 1 for some d Hence £ is a finite union 
of indecomposable BWM-systems by Proposition 15.61 and Lemma 15.81 This completes the 
proof. □ 

Proof of Theorem \1.8\ Suppose that G n = B n (K), C n (K) or D n (K) and p satisfies the 
assumptions of the theorem. Throughout this proof we assume that n > 3. Set fj, n = L(lo™) 
for G n = B n (K) or D n (K) and fi n = L^otf) for G n = C n (K), r n = L(0) G IrrG n , and 
X n = L(lo\ 1 ) for all three types. 

Let $ be a BWM-system. Theorem 11.21 yields that for n large enough the weight 
oj(<p) G £l{G n ) for every <p G $ n . Hence this holds for all n by Proposition ^. 151 Lemma [3.1l 
implies that there exists I G N such that for all n G N and each i^£§ n the representation 

V? = <S>k=o witn ^fc 6 irr p C n , < < Z. 

For a triple of subsets A, B, C C such that A U B U C = N; and A n B = A n 

C = 5 n C = put ij; n (A,B,C) = (gjLoVfe 1 with Vk = r n for k e A, (p k = X n 
for k €z B, and ^ = /i n for k £ C. Using Lemmas 12.101 12.111 and 12.121 one easily 
observes that ip n (A, B, C) G Irr n ip n+ i(A, B, C). Hence the inductive system ^(A, B, C) = 
(ip n (A,B,C) I n > 3) is well defined. The same lemmas yield that 

I 

9(A,B,C) = (g)Fr fc (^ fe ), * fe G{0,£,S}, < k < I 

k=0 

and that each inductive system 

j 

e = (g)Fr fc (e fc ), e fc G{o,£,s}, o<k<j 

k=0 

coincides with Y, Z) for some subsets X, Y, Z C % such that XllYUZ = Nj and 
XDY = XnZ = YnZ = 0. Hence all these systems O are indecomposable. 

Now we claim that that for every ip G <J> n there exists a triple A,B,C satisfying the 
assumptions of the previous paragraph such that 

il} n +l(A, B, C) G $ n+ i and tp G Irr„(^„+i(A, B, C)). (24) 

Indeed, since <3? is an inductive system, the representation ip G Irr n x for some x £ 
One has x = ®L=o Xfc with Xk G fip(G n +2), < k < I. It follows from Lemmas l2.10l[2TTl 
and [232] that Xk G S n+2 if </?fc G S„, Xk G £„ +2 if G and Xfc = A n+2 for <^ fe = A„. 
Then another application of those lemmas permits us to find such triple A,B,C that 
i() n+1 (A,B,C) G Irr„ + ix and ip G Irr n (^ n +l(A B, C)). Naturally, ip n+1 (A,B,C) G * n+ i 
as <E> is an inductive system. 
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Define by I the collection of all such triples (A,B,C) that ifj n (A,B,C) E <£ n for all 
n. Observe that 1^0. Set S = \J(A,B,C)ei ^iA B ,C). We claim that $ = S. Indeed, 
S C $ since $ is an inductive system. As the set of all systems *$>(A, B ,C) is finite and 
ifj n (A,B,C) S <3? n whenever ^! n+ i(A, S, C) £ 3>n+i ; one easily concludes that there exists 
n such that for n > n the triple (A, B,C) £ I if ip n (A, B, C) G $ n - Now ([21]) yields that 
$ n C S n for n > hq. Since £ is an inductive system, this forces that $CS and completes 
the proof. □ 
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